Introduction
Due to the significance of avoiding contradictory outputs in inference processes, and Trillas and Cubillo (1999) studied contradiction in the framework of fuzzy logic by introducing the concept of the contradictory set. They established that the fuzzy set associated with the predicate P, and determined by the membership function m P , is contradictory if 'm P ðxÞ ! m :P ðxÞ for all x', representing the implication '!' by means of the reticular order # of [0,1] and :P through some strong negation N. Remember that N : ½0; 1 ! ½0; 1 is a strong fuzzy negation if it is a decreasing function satisfying Nð0Þ ¼ 1, Nð1Þ ¼ 0, and N 2 ¼ id. Thus, m P is said to be contradictory regarding a strong negation N, or N-contradictory, if m P # N + m P . This definition was generalized by Trillas et al. (2002) with the aim of studying the laws of non-contradiction and excluded middle from a new point of view. In that paper, the implication '!' is replaced by a transitive relation 'o' and the negation ':' by a unary operation that is o-reversing.
In classical logic, the inequality m P # N + m P is true if and only if m P ¼ m Y . This would lead to an alternative interpretation of the inequality m P # N + m P , namely, that P is 'weakly empty' with respect to N. In this sense, Piasecki (1985) established that a set P is w-empty if m P # 1 2 m P .
Nevertheless, the extent to which the condition m P # N + m P holds, that is, how contradictory m P is, is a matter for consideration, since m P can behave quite differently regarding this characteristic. The need to speak not only of contradiction but also of degrees of contradiction was later raised by Castiñeira et al. (2002) , where some functions were considered for the purpose of determining that degree. Later, an axiomatic model for measuring how contradictory a fuzzy set is was proposed by Cubillo and Castiñeira (2005) . Then, an axiomatic model to measure the contradiction in Atanassov's intuitionistic fuzzy sets (A-IFSs) was established by Castiñeira and Cubillo (2009) .
In this paper, we devise several methods for constructing contradiction measures on A-IFSs. The paper is organized as follows. Section 2 establishes everything we need to know about Atanassov's fuzzy sets and contradiction measures to explain the new results. Section 3 deals with contradiction measures that are completely semicontinuous. Finally, Section 4 introduces some semicontinuous contradiction measures. In all cases, after studying what kind of continuity the measures satisfy, we present the geometrical interpretations that really motivated the construction of such measures.
Preliminaries

On the Atanassov intuitionistic fuzzy sets
Given a fuzzy predicate A in a universe of discourse X -Y, an A-IFS associated with A (see Atanassov 1999 ) is a set A ¼ {ðx; m A ðxÞ; n A ðxÞÞ : x [ X}, where m A : X ! ½0; 1, n A : X ! ½0; 1 are called, respectively, the membership and non-membership functions, and such that, for all x [ X, m A ðxÞ þ n A ðxÞ # 1. Let us denote the set of all A-IFSs on X as IF ðXÞ.
The A-IFSs could be considered as what Goguen termed L-fuzzy sets (Goguen 1967) , where the lattice L is the set L ¼ {ða 1 ; a 2 Þ [ ½0; 1 2 : a 1 þ a 2 # 1} with the partial order # L defined as follows: given a ¼ ða 1 ; a 2 Þ, b ¼ ðb 1 ; b 2 Þ [ L, a # L b holds if and only if a 1 # b 1 and a 2 $ b 2 . ðL; # L Þ is a complete lattice with least element, 0 L ¼ ð0; 1Þ, and greatest element, 1 L ¼ ð1; 0Þ.
So, an A-IFS A is an L-fuzzy set whose L-membership function
The order # L of L naturally induces a partial order on L X , which is given as follows: if
for all x [ X. Thus, ðL X ; # L Þ is a bounded and complete lattice in which the least and greatest elements are, respectively, x 0 L and
Furthermore, let us recall that a decreasing function N : L ! L is an intuitionistic fuzzy negation (IFN) if N ð0 L Þ ¼ 1 L and N ð1 L Þ ¼ 0 L hold; and N is a strong IFN if the equality N ðN ðaÞÞ ¼ a holds for all a [ L (for more about IFN, see Bustince et al. 2000 , Deschrijver et al. 2002 .
On the contradiction on A-IFSs
The study of contradiction in the framework of A-IFSs was initiated by Cubillo and Castiñeira (2004) . As in the fuzzy case, an A-IFS A, or alternatively x A [ L X , is said to be contradictory with respect to some strong IFN N, or A is N-contradictory, if x A ðxÞ # L ðN + x A ÞðxÞ for all x [ X, where x A is the L-membership function of A. Also, A (or x A ) is said to be contradictory if there exists a strong negation N such that A is N-contradictory.
As we want to know not only whether a set is contradictory, but also to what extent this property holds, we dealt with the problem of measuring the contradiction in the case of A-IFSs. A general and axiomatic model for measuring contradiction on IF ðXÞ was presented by Castiñeira and Cubillo (2009) . They established and justified a number of axioms; moreover, they gave several examples to illustrate those new concepts. The first definition presented there is as follows.
Definition 2. 1 (Castin˜eira and Cubillo 2009) . Let X -Y be a universe of discourse, a function C : L X ! ½0; 1 is a measure of contradiction on the IF ðXÞ, or on L X , if the following is satisfied:
The set of all measures of contradiction on L X was denoted by CMðIF ðXÞÞ or more concisely CMðL X ).
Furthermore, as the above definition does not determine gradually varying degrees of contradiction, other axioms were also introduced to model the continuity, from both below and above, of contradiction measures, as follows.
Definition 2.2 (Castin˜eira and Cubillo 2009). Let X -Y, a contradiction measure C : L X ! ½0; 1 is said to be † completely semicontinuous from below if the following axiom is satisfied:
† completely semicontinuous from above if the following axiom is satisfied: whose closure (Atanassov 1986 ) is the A-IFS The set of all contradiction measures that are completely semicontinuous from below on IF ðXÞ was denoted by CM csc ðL X Þ and the set of all contradiction measures that are completely semicontinuous from above by CM csc ðL X Þ.
Remark 2. In the above paper, Castiñeira and Cubillo (2009) , it was proved that the functions C * ; C * : L X ! ½0; 1 defined, respectively, for each x ¼ ðm; nÞ [ L X as
Nevertheless, the axioms (c.iv) and (c.v) of complete continuity could appear to be too restrictive because there exist contradiction measures, in which the values change gradually, like the functions proposed by Castiñeira et al. (2006) , which do not satisfy them. For this reason, we established other weaker axioms using semilattices. Before we state these axioms, remember that [see Blyth (2005) ; † semicontinuous from above if it satisfies the following axiom: (c.vii) for each lower semilattice {x i } i[I , L X nL X 0 , the following holds:
The set of all contradiction measures that are semicontinuous from below on L X was denoted by CM sc ðL X Þ and the set of all contradiction measures that are semicontinuous from above by CM sc ðL X Þ.
Moreover, it was shown by Castiñeira and Cubillo (2009) 
Finally, it is important to take into account that
. every axiom of continuity implies anti-monotonicity;
.
Families of completely semicontinuous contradiction measures
In this section, we introduce three families of functions showing that they are contradiction measures that are completely semicontinuous from below. Also, we construct other functions or contradiction measures that are completely semicontinuous from above. In all cases, we study not only what kind of continuity the functions satisfy but also what they do not. We also state the geometrical interpretations that have suggested the construction of those functions.
Theorem 3.1. If w : ½0; 1 ! ½0; 1 is an order automorphism, then the following is satisfied.
(a) The function C w;* : L X ! ½0; 1 defined for each x ¼ ðm; nÞ [ L X by C w;* ðxÞ ¼ Inf x[X ðw + nÞðxÞ is a contradiction measure that is completely semicontinuous from below. (b) The function C w;* : L X ! ½0; 1 defined by
is a contradiction measure that is completely semicontinuous from above.
Proof. All the axioms of contradiction measures and their continuity are trivially preserved under any order automorphism. Thus, it follows from C w;* ¼ w + C * and C w;* ¼ w + C * , where C * and C * are the contradiction measures presented in Remark 2, that C w;* [ CM csc ðL X Þ and C w;* [ CM csc ðL X Þ. A Figure 1 shows a simple geometrical interpretation of the measures C w;* and C w;* .
Example 3.2. Let {N l } l[ð21;1Þ be the family of Sugeno's negations (Sugeno 1974) , defined for all a [ ½0; 1 by N l ðaÞ ¼ ð1 2 aÞ=ð1 þ laÞ; and let {N g } g[ð0;1Þ be the family of Yager's negations (Yager 1980) , defined for all a [ ½0; 1 by N g ðaÞ ¼ ð1 2 a g Þ 1=g .
Then,
, defines a contradiction measure that is completely semicontinuous from below on L X ; analogously, the function defined for each
defines a contradiction measure that is completely semicontinuous from below on L X , whereas C w g ;* ðxÞ ¼ Sup
0 , defines a contradiction measure that is completely semicontinuous from above.
We know that the measures C w;* and C w;* satisfy C w;* [ CM csc ðL X Þ , CM sc ðL X Þ and C w;* [ CM csc ðL X Þ , CM sc ðL X Þ. Now let us see what kind of continuity they do not satisfy.
Proposition 3.3. Let w : ½0; 1 ! ½0; 1 be an order automorphism and let X be an infinite set, then the following is satisfied.
(a) C w;* Ó CM sc ðL X Þ and consequently C w;* Ó CM csc ðL X Þ.
(b) C w;* Ó CM sc ðL X Þ and consequently C w;* Ó CM csc ðL X Þ.
Proof. We are going to prove only (a) because the proof of (b) is similar. Let P F ðXÞ be the family of all finite subsets of X. We consider the family of A-IFSs taking the same value 0 L on a finite number of elements of the universe, and the value ð0; 1=2Þ on the others, The following results show contradiction measures taking discrete values in [0, 1]. They are general constructions based on two cases given by Castiñeira and Cubillo (2009) . Therefore, we omit their proofs because they are similar to the proofs of those cases.
To simplify the notation, we consider intervals in L with some extreme in ½0; 1 2 as follows:
Theorem 3.4. Let f : ½0; 1 ! ½0; 1 be a continuous and decreasing function satisfying f ð1Þ ¼ 0, let w : ½0; f ð0Þ ! ½0; 1 be an order isomorphism, and let Y ¼ {y n } n[N , ½0; 1 be a decreasing sequence such that
Theorem 3.5. Let f : ½0; 1 ! ½0; 1 be a continuous and decreasing function satisfying
where R 1 ¼ Ln½ð0; y 1 Þ; 1 L and for all n . 1, 
International Journal of General Systems
Under the hypotheses in the above theorems,
us see what kind of continuity they do not satisfy.
Proposition 3.6. Let f : ½0; 1 ! ½0; 1 be a continuous and decreasing function satisfying f ð1Þ ¼ 0, let w : ½0; f ð0Þ ! ½0; 1 be an order isomorphism, and let Y ¼ {y n } n[N , ½0; 1 be a decreasing sequence such that y 1 ¼ f ð0Þ and Inf n[N {y n } ¼ 0. Then the following is satisfied.
Proof. Again, we are going to prove only (a) because the proof of (b) is similar. As y 1 ¼ f ð0Þ . 0, we consider n 0 [ N such that 1=n 0 # y 1 and let {x n } n$n 0 be the chain (and then it is a lower semilattice too) defined for all x [ X by x n ðxÞ ¼ ð0; y 1 2 1=nÞ; then ðInf n$n 0 x n ÞðxÞ ¼ ð0;
The last pair of families of contradiction measures that we look at in this section are two families of functions taking values in the whole interval [0, 1]. One of them comprises measures that are completely semicontinuous from below and the other one contains measures that are completely semicontinuous from above.
Theorem 3.7. Let f : ½0; 1 ! ½0; 1 be a continuous and decreasing function satisfying f ð1Þ ¼ 0 and let w : ½0; f ð0Þ ! ½0; 1 be an order isomorphism. Then the function C w; f :
Proof. Let us confirm the axioms: Figure 3 ) as follows:
for all a [ ½0; f ð0Þ. Hence, the following statement is satisfied.
Similarly, we can obtain the following result.
Theorem 3.8. Let f : ½0; 1 ! ½0; 1 be a continuous and decreasing function satisfying f ð1Þ ¼ 0 and let w : ½0; f ð0Þ ! ½0; 1 be an order isomorphism. Let C w; f : L X ! ½0; 1 be the function defined for each x ¼ ðm; nÞ [ L X by where (see Figure 4 ) 1Þ, or f ¼ N l we have the following.
(a) The measures C w g ;N l ; C w g ;N g : L X ! ½0; 1 defined for each x ¼ ðm; nÞ [ L X by C w g ;N l ðxÞ ¼ Inf
1 2 mðxÞ 1 þ lmðxÞ ; nðxÞ g ; C w g ;N g ðxÞ ¼ Inf
x[X Minð1 2 mðxÞ g ; nðxÞ g Þ are completely semicontinuous from below. (b) The measures C w g ;N l ; C w g ;N g : L X ! ½0; 1 defined for each x ¼ ðm; nÞ [ L X by
are completely semicontinuous from above.
We know that C w; f [ CM csc ðL X Þ , CM sc ðL X Þ and C w; f [ CM csc ðL X Þ , CM sc ðL X Þ. Now let us see what kind of continuity C w; f and C w; f do not satisfy. Proposition 3.10. Let f : ½0; 1 ! ½0; 1 be a continuous and decreasing function satisfying f ð1Þ ¼ 0 and let w : ½0; f ð0Þ ! ½0; 1 be an order isomorphism. Then, the following is satisfied.
Proof. (a) The idea is the same as in Proposition 3.3. Again, we consider the set of all finite parts of X, P F ðXÞ, and let {x A } A[P F ðXÞ , L X be the family such that for each A [ P F ðXÞ;
(b) Let {x n } n[N be the chain (and then it is a upper semilattice too) defined for all
Families of semicontinuous contradiction measures
In this section, we introduce several families of semicontinuous contradiction measures. Some are functions taking discrete values in [0, 1] and the rest take values in the whole interval [0, 1]. Each family that is semicontinuous from below has a 'dual' family that is semicontinuous from above.
Theorem 4.1. Let w : ½0; 1 ! ½0; 1 be an order automorphism, let Y ¼ {y n } n[N , ½0; 1 be a decreasing sequence such that Inf n[N {y n } ¼ 0 and y 1 ¼ 1, and let p . 0. We consider the family of regions in L bordered by the straight lines joining the two points ð2p; 0Þ and ð0; y n Þ, for each n [ N, as follows.
;n . 1:
Then, the following two functions are both contradiction measures that are semicontinuous from below.
(a) For each x [ L X ,
On the one hand, the family of (a) is a more general construction than another introduced by Castiñeira and Cubillo (2009) . Thus (a) is proven by techniques similar to the proof shown there. Therefore, the proofs are omitted. On the other hand, although the construction in (b) is a new family, the proof of that statement is similar to the proof of (a). Figure 5 shows what the measures C w;p;Y andC w;p;Y are like, emphasizing the difference between them.
As in the above theorem, we obtain the following results. :
Then, the following two functions are both contradiction measures that are semicontinuous from above.
8 < : Figure 6 shows a geometrical interpretation of the measures C w;p;Y andC w;p;Y , emphasizing the difference between them.
Let us present a sufficient condition on an A-IFS for the measures in Theorem 4.1 to be equal, and another one for measures in Theorem 4.2 to be equal. Proof. Let us only prove part (a) because the proof of (b) is similar to that of (a y n 0 p $ y n 0 þ mðyÞ y n 0 p $ y n þ mðyÞ y n p :
Hence, xðyÞ Ó R nþ1 for all y [ X and for all n $ n 0 , i.e. xðXÞ , < n 0 n¼1 R n , thus C w;p;Y ðxÞ $ wðy n 0 Þ.
Therefore, d xðx 0 Þ; < n 0 21 n¼1 R n Proposition 4.4. Let w : ½0; 1 ! ½0; 1 be an order of automorphism, let Y ¼ {y n } n[N , ½0; 1 be a decreasing sequence such that Inf n[N {y n } ¼ 0 and y 1 ¼ 1, and let p . 0. Then, the following is satisfied.
(a) C w;p;Y ;C w;p;Y Ó CM csc ðL X Þ and C w;p;Y ;C w;p;Y Ó CM csc ðL X Þ.
(b) C w;p;Y ;C w;p;Y Ó CM sc ðL X Þ and C w;p;Y ;C w;p;Y Ó CM sc ðL X Þ.
Proof. Let us prove the statements for C w;p;Y andC w;p;Y ; in the same way, we can obtain the results for C w;p;Y andC w;p;Y .
(a) To show that C w;p;Y andC w;p;Y are not completely semicontinuous from below it is sufficient to consider x 1 ; x 2 [ L X such that x 1 ðxÞ ¼ ð0; y 2 Þ and x 2 ðxÞ ¼ ððpð1 2 y 2 ÞÞ=ðp þ y 2 Þ; ðy 2 ðp þ 1ÞÞ=ðp þ y 2 ÞÞ for all x [ X. Thus, x 1 ðXÞ; x 2 ðXÞ , {ða 1 ; a 2 Þ : a 2 ¼ y 2 þ a 1 ðy 2 =pÞ} , R 2 and, however, for all x [ X, Sup{x 1 ; x 2 }ðxÞ ¼ ððpð1 2 y 2 ÞÞ=ðp þ y 2 Þ; y 2 Þ Ó R 2 as y 2 , ðy 2 ðp þ 1ÞÞ=ðp þ y 2 Þ since 0 , y 2 , 1 (see Figure 7) . Thus,
and, nevertheless,
(b) To show that C w;p;Y andC w;p;Y are not semicontinuous from above (and, therefore, not completely semicontinuous from above), we consider n 0 [ N such that 1 2 y n $ y 2 for all n $ n 0 and the chain {x n } n$n 0 defined for all x [ X by x n ðxÞ ¼ ð0; 1 2 y n Þ. Thus, ðInf n$n 0 x n ÞðxÞ ¼ 0 L for all x [ X and so C w;p;Y ðInf n$n 0 x n Þ ¼C w;p;Y ðInf n$n 0 x n Þ ¼ 1. Nevertheless, Sup n$n 0 C w;p;Y ðx n Þ ¼ Sup n$n 0C w;p;Y ðx n Þ ¼ wðy 2 Þ , 1 as C w;p;Y ðx n Þ 1 C w;p;Y ðx n Þ ¼ wðy 2 Þ for all n $ n 0 . Therefore, C w;p;Y Ó CM sc ðL X Þ andC w;p;Y Ó CM sc ðL X Þ. A Theorem 4.5. Let w : ½0; 1 ! ½0; 1 be an order of automorphism, then for all p . 0, the function C w;p : L X ! ½0; 1 defined for each x ¼ ðm; nÞ [ L X by
is a contradiction measure that is semicontinuous from below. Proof. Let us note that C w;p is well defined as 0 # p Inf x[X nðxÞ # p # p þ Sup x[X mðxÞ.
To prove that C w;p [ CM sc ðL X Þ, we only need to show that the function C p ðxÞ ¼ ðp Inf x[X nðxÞÞ=ðp þ Sup x[X mðxÞÞ is a contradiction measure that is semicontinuous from below, since the axioms (c.i), (c.ii), and (c.iv) are preserved under automorphism.
Trivially, C p satisfies the axioms (c.i) -(c.iii). Let us see the axiom (c.vi). Let
To verify the other inequality, we consider 1 . 0, thus there exist i 1 ; i 2 [ I and there exist
Taking into account that {i 1 : 1} , I , we arrive at 
staying on the straight line a 2 ¼ a þ a 1 a=p, that is (see Figure 8) , x
That is,C w;p ðxÞ ¼ a if and only if a 2 ¼ a þ a 1 a=p is the straight line with the smallest slope among all the straight lines a 2 ¼ g þ a 1 g=p touching the closure of xðXÞ (see Figure 9 ). Measures that are semicontinuous from below constructed in the above theorems have their 'dual' measures that are semicontinuous from above. Theorem 4.7. Let w : ½0; 1 ! ½0; 1 be an order of automorphism, for all p . 0, the function C w;p : L X ! ½0; 1 defined for each x ¼ ðm; nÞ [ L X by ( Figure 10 )
is a contradiction measure that is semicontinuous from above.
Theorem 4.8. Let w : ½0; 1 ! ½0; 1 be an order of automorphism, for all p . 0, the functionC w;p : L X ! ½0; 1 defined for each x ¼ ðm; nÞ [ L X by ( Figure 10 )
is a contradiction measure that is semicontinuous from above. The measures C w;p andC w;p can be interpreted as a limit step of the measures C w;p;Y and C w;p;Y , respectively, where the sequence Y ¼ {y n } n[N is replaced by the whole interval [0,1], and the regions R g are obtained by making y n21 match y n . In the same way, the measures C w;p andC w;p can be considered as a limit step of the measures C w;p;Y andC w;p;Y , respectively. Now, let us establish a sufficient condition for C w;p andC w;p to take the same values on an A-IFS, and another one for C w;p andC w;p to be equal.
Proposition 4.9. Let w and p be the same as in the previous theorems, and x ¼ ðm; nÞ [ L X , then the following holds. Proposition 4.10. Let w : ½0; 1 ! ½0; 1 be an order of automorphism and let p . 0. The following is satisfied.
(a) C w;p ;C w;p Ó CM csc ðL X Þ and C w;p ;C w;p Ó CM csc ðL X Þ.
(b) If X is an infinite set, then C w;p ;C w;p Ó CM sc ðL X Þ (therefore C w;p ;C w;p Ó CM csc ðL X Þ) and C w;p ;C w;p Ó CM sc ðL X Þ (therefore C w;p ;C w;p Ó CM csc ðL X Þ). 
Conclusions
In this work, we have tackled the problem of obtaining new families of contradiction measures in the framework of A-IFSs. In previous papers, we proposed different types of such measures, depending on the continuity properties they satisfy, and gave some examples of such types of contradiction measures. But the challenge of obtaining a lot of measures systematically remained open. On the one hand, we cited in remark 2 and Section 3 examples that were given in a previous paper. These examples defined contradiction measures that take discrete values depending on specific regions, these regions being a partition of the lattice L. Based on these examples, we have given general methods for building contradiction measures in the following manner: by generalizing the determination of the regions of L and using isomorphisms and decreasing functions.
On the other hand, we have introduced new methods of constructing contradiction measures. These take all the values of the interval [0,1]. Furthermore, these measures can be interpreted as a limit step of the above measures that took discrete values.
The key to all these constructions is to determinate the regions of L in order to define the values of the contradiction measures. In the case of completely semicontinuous measures, those regions are semilattices.
